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I. INTRODUCTION
The analysis of shielded circuits and cavity backed antennas is a subject that has attracted recently the attention of many investigations [l] . The main reason for this is the need to create software tools which can evaluate and predict the shielding effects occurring in many Monolithic Microwave Integrated (MMIC) high frequency circuits and cavity backed antennas mounted on vehicles [2] .
For the analysis of shielded circuits and cavity backed antennas, the integral equation technique has grown in popularity due to its efficiency, and to the capability to push to a maximum the analytical treatment of the problem [3] . The key element of any integral equation formulation is the ability to compute the Green's functions of the problem.
For the calculation of the Green's functions, only the rectangular enclosure has been extensively treated in the past [4] . For this geometry the Green's functions are usually expressed, using spectral domain formulations, with slow convergence series of vector modal functions inside the rectangular cavity [4] . However, recently attempts have been reported to compute them using spatial domain formulations [ 5 ] , where the Green's functions are expressed as slow convergence series of spatial images.
Due to this particular mathematical formalism of the Green's functions inside cavities, the circular geometry has been by far less exploited. In general, the Green's functions formulation in circular geometries are based on spectral domain techniques, by using the corresponding vector modal series based on the Bessel functions [6] . However this approach shows to be critical from the numerical point of view, since the higher order Bessel functions are not easily computed with high accuracy. Also, since the convergence of the series is slow, very high orders of Bessel functions are usually required. On the other hand, spatial domain formulations have not been applied t o the computation of the Green's functions in circular-cylindrical geometries. This is mainly because an analytical solution for the spatial images of a point source in the presence of circular-cylindrical metallic structures does not exist.
In this context, the paper presents a numerical technique that can be used for the computation of the Green's functions in circular-cylindrical cavities. The technique is formulated for the first time in the spatial domain, and it uses the theory of images to enforce the proper boundary conditions for the fields. In this paper the technique is applied to the numerical calculation of the Green's functions inside an empty circular-cylindrical cavity. Its extension, however, to consider dielectric layers inside the cavity is straightforward.
Unitary dipole inside a circular cylindrical cavity studied in
THEORY
The geometry for the calculation of the mixed potential Green's functions is presented in Fig. 1 . As shown, a unit dipole is placed inside a circular-cylindrical metallic cavity. For the electric scalar potential Green's function we should impose null potential on the cavity wall. If we impose this condition at only one point of the wall, then a proper choice will be to place an infinite plane tangent to the cylindrical wall at the point of interest, and then by image theory take a negative charge at the mirror position with respect to the plane. Fig. 2 . conditions for the electric scalar potential at discrete points along the cylindrical wall. Point P is a generic observation point.
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Image charges rearrangement used to enforce the boundary It is desirable, however, to be able to impose the boundary conditions at more than one point of the cylindrical wall. To do so we continue with the same strategy, and now we take two tangent planes to the cylindrical cavity in order to impose the boundary conditions at two distinct points (see Fig. 2 ). The key point of the procedure is to evaluate numerically the value of the two image charges so that the boundary conditions for the potential me satisfied at the two selected tangent points.
The same procedure can now be generalized in order to impose proper boundary conditions for the potential at N distinct points (Ti) of the cylindrical wall. The following system of linear equations is obtained: 
Gv(T, ) is the potential Green's function of a unit point
The solution of this system gives the value of the N image charges ( q k ) needed to satisfy the boundary conditions for the potential at N distinct points of the cylindrical wall. The final scalar potential Green's function inside the cylindrical cavity is simply evaluated by reusing the already computed charge amplitudes:
. charge in free-space.
For the evaluation of the magnetic vector potential dyadic Green's function, a similar procedure is followed, but taking into account the vector nature of the quantity to be computed. Considering a unit dipole oriented along the z-axis (Fig. 3) , we first impose the boundary conditions at one point of the cylindrical wall. In this case, the zero tangent component of the electric field at the cavity wall leads ,to two different conditions for the magnetic vector PO tential: dpx;I=O;
t Y \ Fig. 3 . Image dipoles used to enforce the boundary conditions for the magnetic vector potential at, discrete points along the circular cylindrical wall.
Expanding the divergence in cylindrical coordinates, the second condition can be translated to the normal component of the magnetic vector potential in the following way:
To impose both conditions at one point of the cylindrical cavity wall, we propose to use two orthogonally oriented dipoles, each one having different weights, as shown in Fig. 3 . 
It is worth mentioning that, according to these expressions, an %-directed dipole will produce a y-component of the magnetic vector potential. This cross component is given by the y-component of the dipole images in the arrangement shown in Fig. 3 , and physically it is caused by the curvature nature of the circular-cylindrical cavity wall.
RESULTS
In order to check the numerical behavior of the technique developed, we present in Fig. 4 the electric scalar potential Green's function along the Y axis, for a cavity with radius a = X (Fig. 1) . when 2, 10, 15, and 20 points are used to enforce the boundary conditions. Also in this case the convergence is attained with about 15 points, showing the effectiveness of the derived approach.
As already discussed, the curvature of the circularcylindrical cavity generates a cross GTy, (F) component of the magnetic vector potential dyadic Green's function (see equation (8b)). Fig. 6 presents a contour plot of this GEy,(T) cross component. It can be observed that this component tends to be maximum at directions 45O off the horizontal axis, while it is very small along the main Xaxis of Fig. 1 . As a validation example, we present in Fig. 7 the GFJc,, ( F ) component of the electric field dyadic Green's function, along the Y-axis, as computed with the novel Green's functions formulated in this paper. Furthermore, For the numerical solution of the Integral Equations in these examples, 844 cells (1211 unknowns) were used in the discretization of the whole lateral cavity wall. On the contrary, the new Green's functions axe calculated using 20 points along the wall contour. It is important to point out that, in the novel formulation, the number of points needed to achieve good convergence depends on the electrical size of the cylindrical cavity. Numerical results have shown that good numerical precision is obtained when 15 points are used per wavelength of the cylindrical cavity radius (15 points per a/A).
As a final example, we have analyzed the square patch shown in Fig. 9 , placed inside a circular-cylindrical cavity. Fig. 10 presents the input impedance obtained with the new mixed potential Green's functions formulated in this paper. The integral equation is solved with the Method of Moments, by discretizing the geometry of the patch with triangular cells. In the figure we can compare these results with those obtained using a spectral domain formulation inside a square waveguide of equal area [5] . Also, the results obtained with a free-space integral equation, are included. In this last case, both the patch and the cavity wall (of 20cm height) are discretized using triangular cells. The results using the new Green's functions agree well with those obtained with the other techniques. These results confirm the usefulness of the derived Green's functions for the analysis of real practical structures.
In this paper we have presented a simple and efficient procedure to numerically evaluate the Green's functions inside cylindrical cavities. The value of the approach derived is in that it can be used inside integral equation formulations for the analysis and design of shielded circuits and cavity backed antennas inside cylindrical enclosilres.
The approach is based on the imposition of the boundary conditions for the mixed potential Green's functions at discrete points of the cylindrical cavity wall. This imposition is achieved with the aid of discrete spatial images.
